We construct, to leading orders in the momentum expansion, an effective theory of a chiral (px + ipy) two-dimensional fermionic superfluid at zero temperature that is consistent with nonrelativistic general coordinate invariance. The currents and stress tensor are computed and their linear response to electromagnetic and gravitational sources is calculated. We also consider an isolated vortex in a chiral superfluid and identify the leading chirality effect in the density depletion profile.
I. INTRODUCTION
Chiral fermionic superfluids enjoy a long-standing and continuous interest in condensed matter physics. This goes back to studies of thin films of 3 He-A which is believed to form a chiral condensate [1, 2] . More recently, low-dimensional chiral superfluids attracted some attention due to the presence of Majorana zero-energy edge quasiparticles [3, 4] that might facilitate progress towards a fault-tolerant quantum computer [5, 6] .
In this paper we construct and analyze the effective theory of a two-dimensional fermionic superfluid at zero temperature that forms a chiral condensate which in momentum space takes the form
where∆ is a complex function of |p| and the sign defines the chirality of the condensate. The order parameter is the p-wave eigenstate of the orbital angular momentum. We will assume that (1) is the energetically favored ordering. The usual spontaneous breaking of the particle number U (1) N symmetry is accompanied by the breaking of the orbital rotation SO(2) L symmetry. The condensate (1) remains invariant under the diagonal combination of U (1) N and SO(2) L transformations which leads to the symmetry breaking pattern
This implies the presence of a single gapless Goldstone mode in the spectrum that governs the low-energy and long-wavelength dynamics of the superfluid at zero temperature. The effective theory of this Goldstone field has an infinite number of terms and can be organized in a derivative expansion. In this paper we restrict our attention only to the leading and next-to-leading order contributions.
Our guiding principle is the nonrelativistic version of general coordinate invariance developed in [7] . We put the chiral superfluid into a curved space, switch on an electromagnetic source and demand the invariance of the effective theory with respect to nonrelativistic diffeomorphisms and U (1) N gauge transformations. Since the general coordinate invariance can be viewed as a local version of Galilean symmetry, the symmetry constraints on the effective theory are (even in flat space) more restrictive than just the ones imposed by the Galilean invariance alone. This approach proved to be useful before and led to new predictions for unitary fermions [7, 8] and quantum Hall physics [9] .
While our effective theory might be viewed as a toy model mimicking only some aspects of low-energy dynamics in thin films of 3 He-A and spin-triplet superconductors, our predictions, in principle can be tested experimentally with ultracold spin-polarized fermions confined to two spatial dimensions.
II. EFFECTIVE THEORY OF CHIRAL SUPERFLUIDS
Our starting point is the effective theory of a conventional (s-wave) superfluid constructed in [7] . In curved space with a metric g ij and in the presence of an electromagnetic U (1) N source A ν , the leading order action of the Goldstone field θ was found to be
where g ≡ detg ij ,
and the covariant derivative D ν θ ≡ ∂ ν θ − A ν with ν = t, x, y. The superfluid ground state has a finite density, that we characterize by the chemical potential µ. In the effective action it enters as a background value for the Goldstone field, that is decomposed as
with ϕ standing for a phonon fluctuation around the ground state. This allows to identify the function P (X) in Eq. (3) with the thermodynamic pressure as a function of the chemical potential µ at zero temperature. As demonstrated in [7] , the expression X transforms as a scalar under the infinitesimal nonrelativistic diffeomorphism transformation
In addition, X is invariant under U (1) N gauge transformations. These observations ensure that the leading order effective action (3) is invariant under general coordinate transformations. As becomes clear from the symmetry breaking pattern (2), in the case of a chiral superfluid we need a gauge potential for SO(2) L orbital rotations. To this end we introduce an orthonormal spatial vielbein e 
The vielbein is not unique and defined only up to a local SO(2) L rotation in the vielbein index a. This allows us to introduce a connection
where e aj ≡ e a i g ij and the magnetic field B ≡ ε ij ∂ i A j . Under a local (i.e., time-and position-dependent) infinitesimal SO(2) L rotation
2 Here we introduced the antisymmetric Levi-Civita symbol ǫ ij = ǫ ij , ǫ 12 ≡ +1. The Levi-Civita tensor is then
the connection ω ν transforms as an Abelian gauge field ω ν → ω ν − ∂ ν φ. Using Eq. (8) together with the transformation law of the vielbein one-form
one can show that ω ν transforms as a one-form under the nonrelativistic diffeomorphisms, i.e.,
In hindsight, this simple transformation of ω ν clarifies the appearance of the magnetic field B in the definition of ω t .
We are now in position to construct the leading order effective theory of a chiral superfluid. Quite naturally, the theory is still defined by the action (3) with the covariant derivative now given by
For the chiral p-wave superfluid s = ±1/2 with the sign determined by chirality of the ground state. This ensures that the Goldstone boson is coupled to the proper (broken) linear combination of U (1) N and SO(2) L gauge fields. As will become clear in Sec. III, one must set s = ±n/2 for a chiral superfluid with pairing in the n th partial wave. It is interesting to note that instead of the usual formalism, where the superfluid is described by a single Goldstone boson θ, there is an alternative approach in which the Lagrangian depends on the phase of the condensate θ and the superfluid velocity v i . We present this alternative description of a (chiral) superfluid in Appendix A and demonstrate there that by integrating out v i one obtains the usual Goldstone effective action.
We point out that Galilean invariance 3 alone is not sufficient to fix the leading order action (3) . Under a Galilean boost the magnetic field B transforms as a scalar, i.e., δB = −ξ k ∂ k B. For this reason the prefactor multiplying the magnetic field B in the first equation in (8) is not constrained by the Galilei invariance. Thus only the general coordinate invariance fixes uniquely the leading order Lagrangian of a chiral superfluid.
Time reversal and parity act nontrivially as
For a fixed s = 0, the effective theory (3) is not separately invariant under neither time reversal T nor parity P . On the other hand, P T is a symmetry of the theory for any value of s.
The action (3) is the leading order term in a derivative expansion that follows the counting in [7] , where By introducing the superfluid density ρ ≡ dP/dX and the superfluid velocity v j ≡ −D j θ the nonlinear equation of motion for the Goldstone field can be written in the general covariant form
which is the continuity equation in curved space. With respect to nonrelativistic diffeomorphisms, ρ transforms as a scalar and v i transforms as a gauge potential, i.e.,
By linearizing the equation of motion (14) in the absence of background gauge fields (A ν = ω ν = 0) one finds the low-momentum dispersion relation of the Goldstone field to be
where the speed of sound c s ≡ ∂P/∂ρ is evaluated in the ground state. From Eq. (12) the vorticity ω ≡
where we used that the Ricci scalar
In the absence of a magnetic field in flat space, the superfluid velocity field is irrotational, i.e., ω = 0, except for singular quantum vortex defects. For an elementary vortex located at a position x v the vorticity is ω(x) = πδ(x − x v )/2. Single-valuedness of 4 The term in the Lagrangian of the form Q(X)(∂t + v i ∂ i )X is consistent with continuous symmetries for an arbitrary function Q(X) and gives contributions to next-to-leading order. It does not however respect P T invariance and should not be included.
the macroscopic condensate wave-function yields quantization of the total magneto-gravitational flux on a compact manifold. For example, for a p-wave superfluid living on a sphere S 2 with no magnetic field, the total flux is S 2 ω = π, which is accommodated in two elementary quantum vortices.
III. CURRENTS AND STRESS TENSOR
In this section, starting from the effective action (3), we construct and analyze the U (1) N and SO(2) L currents and the stress tensor.
In curved space the temporal and spatial part of the U (1) N three-current are found to be
In addition to the usual convective term, we find the parity-odd contribution to the current which is proportional and perpendicular to the gradient of the superfluid density. In a near-homogeneous finite system this part of the current flows along the edge of the sample, where the density changes rapidly. It is important to stress that the edge current is perpendicular to ∂ j ρ, but not to the electric field E j ≡ ∂ t A j − ∂ j A t . Thus there is no static Hall conductivity in the chiral superfluid in agreement with general arguments of [10] . The edge current was found in the study of superfluid 3 He-A by Marmin and Muzikar [11] .
The current conservation equation is
Since ∇ i J i edge = 0, this is consistent with the equation of motion (14) .
In a non-homogeneous chiral superfluid the edge current is flowing even in the ground state. This implies that the ground state has a nonvanishing angular momentum L GS . In flat space this is given by
where N denotes the total number of fermions. This result has a simple explanation in the limit of strong interatomic attraction, where the many-body fermionic system can be viewed as a Bose-Einstein condensate of tightly bound molecules. In the chiral superfluid with pairing in the n th orbital wave every molecule has the intrinsic angular momentum l = ±n with the sign determined by the chirality of the ground state. In the BEC limit interactions between molecules are weak and thus the total angular momentum is just the sum of internal angular momenta of separate molecules. This explains why one must set s = ±n/2 for a chiral superfluid with the n th orbital wave pairing. More general values of s are also possible. Interesting examples are anyon superfluids of fractional statistical phase [12, 13] 
When n = 1 the anyon becomes a boson (scalar) and when n → ∞ it becomes a fermion. Similarly to the chiral superfluid, for any n > 1 time reversal and parity invariance are broken. Expanding the action (3) to second order around the ground state we find a term
This was identified as responsible for the Landau-Hall effect in the anyon superfluid [12, 13] . The coefficient of this term was determined in [14] to be
For anyons, scale invariance fixes c 2 s = ρ/2 leading to the identification
Therefore the orbital angular momentum is also fractional, as expected.
The orbital SO(2) L current is given by
This current is purely convective and is conserved due to the equation of motion (14) .
C. Stress tensor
In curved space the invariance of the effective action with respect to an infinitesimal nonrelativistic diffeomor-
a i ], (26) and leads to the Euler equation
where T i k ≡ T ij g jk and the contravariant stress tensor is defined by
Generically the Euler equation is the conservation equation only if E k = 0 and B = 0. Now we wish to compute the stress tensor T ij for the chiral superfluid (3). In this case, the variation of the vielbein is related to the variation of the metric via 
In this way the first relation in Eq. (7) is satisfied up to second order in δg ij . There is an ambiguity in the transformation of the vielbein parametrized by δλ which is related to the SO(2) L gauge freedom of the vielbein.
In the following we set δλ = 0. For the contravariant components of the metric,
so one cannot use the metric to raise the indices of the metric variation. First, consider the s-wave superfluid, i.e., set s = 0.
√ gg ij δg ij we find
which is the stress tensor of the ideal fluid. For the chiral superfluid additional variation of the action arise from the variation of the connection (8) . Namely, we find
This leads to
which in detail is given by
After a tedious but straightforward calculation we find
with
Here the strain rate tensor Hall is known as the Hall viscosity part of the stress tensor and was discovered first in [15, 16] . It generically arises in two-dimensional many-body systems that break time reversal and parity [17, 18] .
In flat space with the metric g ij = δ ij the force density arising from the Hall viscosity is given by
and thus the net work per unit of time produced by the Hall viscosity in a region S surrounded by a boundary ∂S is
where n k is the normal vector to the boundary ∂S . We conclude that the Hall viscosity is dissipationless in the bulk of the region S . Alternatively, its contribution to the bulk entropy production is vanishing since T ij Hall V ij = 0.
IV. LINEAR RESPONSE
In linear response theory the induced current δJ is linear in the source δA , i.e.,
where we introduced the response kernel K µν (t, x; t ′ , x ′ ) with µ, ν = t, x, y. In a spacetime homogeneous system
and it is convenient to transform to Fourier space, where
Following [19] [20] [21] , one can determine linear response of a superfluid in three steps:
• First, solve the linearized equation of motion of the Goldstone field in the presence of the external source δA .
• Second, substitute the solution θ(A ) into the definition of the current J .
• Third, determine the induced current δJ as a function of the source δA .
The response to electromagnetic sources depends on the electric and magnetic fields, E i and B. The response to gravitational sources has similar contributions, that depend on a parity odd "electric" field E ωi = ∂ t ω i − ∂ i ω t and the scalar curvature R. In fact, the form of the covariant derivative (12) implies that the full response depends on the combinations
In this section we compute the linear response of the U (1) N current and stress tensor to the electromagnetic and gravitational source respectively. The calculation is done in a homogeneous chiral superfluid ground state in flat space with no background U (1) N potential A ν = 0.
A. U (1)N current response to electromagnetic source
In the presence of the electromagnetic source A ν , the linearized equation of motion for the phonon field ϕ, defined in Eq. (5), takes the form of the relativistic wave equation
which is solved in momentum space
By substituting this solution into Eq. (18) we find to linear order in the source
Here the electric field is E j = −i(p j A t + ωA j ), the magnetic field is B = iǫ ij p i A j and ρ GS denotes the superfluid density in the ground state. One can check explicitly that the conservation law −iωδρ + ip i J i = 0 is satisfied. In essence, the first line of Eq. (44) governs the electromagnetic response of a conventional two-dimensional (swave) superfluid with the idealized Drude dynamical conductivity σ(ω, p) and the London diamagnetic response function ρ L (ω, p). Note that the numerical prefactor of the parity-even term ∼ s 2 in the bracket in front of the London term is not a reliable prediction of the theory (3) since it might be modified by additional next-to-next-toleading order terms in the Lagrangian not discussed here. On the other hand, the second line of Eq. (44) is responsible for the (anomalous) dynamical Hall response of the chiral superfluid. The peculiar property of the Hall conductivity σ H (ω, p) is that it vanishes in the static limit, defined by setting first p = 0 and then taking ω → 0. In this strict sense the Hall conductivity of a chiral superfluid vanishes, which is in agreement with the arguments presented in Sec III.
B. Stress tensor response to gravitational source
Here we consider a chiral superfluid in curved space with spatial metric g ij = δ ij + h ij where h ij is a small perturbation around the flat background. The linearized equation of motion for the phonon field is given by
where h ≡ Trh ij = h 11 + h 22 . This can be solved in the Fourier space with the result
First, we find
where the parity-odd "electric" field E ωi ≡ −i(ωω i + p i ω t ). As explained in Appendix B, E ωi is a gradient of the vorticity of the displacement field. The variation of the pressure in Eq. (49) follows from the thermodynamic definition of the speed of sound c 2 s = δP/δρ. Now we substitute Eqs. (48), (49) into the stress tensor (35). To linear order in sources the variation of the pure contravariant stress tensor can be written in a matrix form
where σ 0 is the unity matrix and σ i are the Pauli matrices. The first two terms in the square brackets of Eq.
(50) are linear in s and break parity, we will discuss them in more detail below. The last two terms are proportional to s 2 and do not break parity. They are of higher order and might get corrections from next-to-next-to-leading order terms in the Lagrangian and thus are not predicted reliably by our theory. Now we are ready to extract the dynamic Hall viscosity from the linear response calculation. Indeed, as argued in [22] , the gravitational wave
induces the following perturbation of the off-diagonal component of the contravariant stress tensor 
i.e., there is no shear viscosity because at zero temperature superfluid does not dissipates energy. In addition we find
It is natural that in the leading-order theory (3) the Hall viscosity does not depend on frequency.
C. Relation between Hall conductivity and viscosity
It was demonstrated in [9] that for Galilean-invariant quantum Hall states the static electromagnetic Hall response at small momenta p receives a contribution from the Hall viscosity. Subsequently, the relation between the Hall conductivity and stress response was generalized to other Galilean-invariant parity-violating systems [23] . In addition, it was shown in [23] that the relation can be extended to all frequencies. In particular, for a chiral superfluid one finds
Using Eqs. (45) and (54), we checked that this relation is satisfied within our leading-order effective theory.
D. Parity breaking terms and Kubo formula
The parity breaking contributions to the stress tensor due to gravitational sources can be grouped in the odd viscosity tensor, defined through the linear response formula
The odd viscosity can be obtained from the Kubo formula involving the parity-odd part of the retarded twopoint function of the stress tensor [23] . We define the frequency and momentum-dependent odd viscosity
where ω + ≡ ω + iǫ with ǫ → 0. In fact, the total viscosity tensor contains an additional contact term inversely proportional to the compressibility [23] , but it is parityeven and thus does not affect our discussion of the odd viscosity.
The retarded two-point function is
where τ ij is the stress tensor in the absence of gravitational sources.
To leading order in the phonon fluctuation, the parity even and odd contributions to the stress tensor are
The parity-odd contributions to the two-point function come from cross terms of even and odd contributions. Therefore, to leading order
where we are using the same matrix notation as before for the first entry of the stress tensor in the two-point function. In addition, we used ϕ = 0. Using the Fourier transform of the two-point function of the phonon field
one can recover the results we have derived before for the linear response of the stress tensor to gravitational sources. Specifically, the odd-even contribution produce the terms proportional to the trace of the metric perturbation in the brackets in Eq. (50). These terms are especially interesting because they are related to the fact that the superfluid is compressible. The metric perturbation changes the volume form by a term proportional to its trace δ √ g = h/2. This excites phonons that produce the stress we have computed above. The even-odd terms give contributions to the variation of the pressure.
The regular Hall viscosity term on the other hand does not involve the phonon propagator and therefore it is a kinematic response that will appear in the correlation function as a contact term. Its origin is similar to the diamagnetic current, which is obtained from a term in the action quadratic in sources.
V. VORTEX SOLUTION
Here we consider a vortex in a chiral superfluid in flat space placed at the origin. We treat this problem in polar coordinates (r, φ). Far away from the core, due to the single valuedness of the condensate wave function
Here v r and v φ are the coefficients in the decomposition v = v r e r +v φ e φ with e r and e φ denoting the unit vectors in the radial and angular directions. We will determine the asymptotic behavior of the superfluid density ρ(r) as r → ∞. From Eq. (27) the static Euler equation reads
which after the projection onto the radial direction becomes
where 
To leading order in the large-distance expansion
and the differential equation (65) simplifies to
It is easily integrated giving the density profile ρ(r) = ρ ∞ 1 − n 2 8c 2 s∞ r 2 + O(r
where ρ ∞ is the asymptotic value of the superfluid density away from the vortex core. Since the chirality parameter s does not appear in Eq. (67), the leading order tail of the density profile is invariant under n → −n. Chirality effects arise first at next-to-leading order in the large-distance expansion. By using 
Since in the chiral superfluid time reversal and parity are spontaneously broken, the density profile is not invariant under n → −n. The leading parity-violating correction appears first in the 1/r 4 tail. The difference between the densities of a vortex (with n = 1) and an antivortex (with n = −1) is asymptotically given by ∆ρ = sρ ∞ 16c 4 s∞ r 4 + O(r −6 ).
VI. CONCLUSION
In this paper we constructed the leading-order lowenergy and long-wavelength effective hydrodynamic theory of the simplest chiral fermionic superfluid in two spatial dimensions. Due to chirality, the effective theory breaks time reversal and parity and thus naturally gives rise to the edge particle current and Hall viscosity. In agreement with [23] , we found a relation between the Hall conductivity and Hall viscosity response functions. As an application of the formalism, we constructed a quantum vortex solution and discovered that the leading chirality effect appears first in the 1/r 4 tail of the density depletion. Our predictions might be tested in experiments with spin-polarized two-dimensional ultracold fermions.
In the future it would be interesting to extend our theory to higher orders in the derivative expansion, where the nonrelativistic general coordinate invariance might put many more additional constraints compared to those imposed by considering Galilean invariance alone. Generalization of the theory to chiral superfluids with spin degrees of freedom might prove useful for better understanding of thin films of 3 He.
